Abstract. In this paper, we prove some common fixed point theorems for the mappings satisfying Prešić type contractive conditions in metric spaces. Our results generalize and extend the result of Prešić for some new type of contractive conditions. The common fixed point of mappings is approximated by a k-step iterative sequence. Some examples are provided to illustrate the results. An application of Prešić type mappings to second order difference equations is also given.
Introduction and preliminaries
Let (X, d) be any metric space and f : X → X be any mapping, then f is said to be a contraction on X if there exists λ ∈ [0, 1) such that d(f x, f y) ≤ λd(x, y), for all x, y ∈ X. A point x ∈ X is called fixed point of f if f x = x. Banach [1] proved that every contraction on a complete metric space has a unique fixed point and this result is known as the Banach contraction principle. There are several generalizations of this famous principle. One such generalization is given by Prešić [15, 16] . When studying the convergence of some particular sequences, Prešić [15, 16] proved the following theorem. Theorem 1. Let (X, d) be a complete metric space, k a positive integer and f : X k → X a mapping satisfying the following contractive type condition:
for every x 1 , x 2 , . . . , x k+1 ∈ X, where q 1 , q 2 , . . . , q k are nonnegative constants such that q 1 + q 2 + · · · + q k < 1. Then there exists a unique point x ∈ X such that f (x, x, . . . , x) = x. Moreover, if x 1 , x 2 , . . . , x k are arbitrary points in X and for n ∈ N,
x n+k = f (x n , x n+1 , . . . , x n+k−1 ), then the sequence {x n } is convergent and lim x n =f (lim x n , lim x n , . . ., lim x n ).
Note that, the k-step iterative sequence given by (2) represent a nonlinear difference equation. In view of Prešić's theorem it is obvious that if this sequence is convergent (which is ensured by the Prešić's theorem) then the limit of sequence is a fixed point of f. The result of Prešić is generalized by several authors and some generalizations and applications of Prešić's theorem can be seen in [3, 4, 5, 7, 10, 11, 12, 13, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27] .
In this paper, we prove some common fixed point theorems for mappings satisfying Prešić type contractive conditions in complete metric spaces. The common fixed point of such mappings is approximated by a k-step iterative sequence. Results of this paper extend and generalize the results of Prešić, Pǎcurar [14] and the recent result of Khan et al. [7] . Some examples are given to illustrate the results. An application of Prešić type mappings to nonlinear difference equations is given.
For the following definition we refer to [5] and the references therein. Definition 1. Let X be a nonempty set, k a positive integer and f : X k → X be a mapping. If f (x, . . . , x) = x, then x ∈ X is called a fixed point of f . Definition 2. Let X be a nonempty set, k a positive integer, f : X k → X and g : X → X be mappings.
(a) An element x ∈ X said to be a coincidence point of f and g if gx = f (x, . . . , x).
, then w is called a point of coincidence of f and g.
(c) If x = gx = f (x, . . . , x), then x is called a common fixed point of f and g.
(d) Mappings f and g are said to be commuting if g(f (x, . . . , x)) = f (gx, . . . , gx), for all x ∈ X.
(e) Mappings f and g are said to be weakly compatible if they commute at their coincidence points.
Lemma 2 ([11]
). Let X be a nonempty set, k a positive integer and f : X k → X, g : X → X two weakly compatible mappings. If f and g have a unique point of coincidence y = f (x, x, . . . , x) = g(x), then y is the unique common fixed point of f and g.
for all x ∈ X is called the associate operator of f. Note that, x ∈ X is a fixed point of f if and only if it is a fixed point of F. Similarly, x ∈ X is a common fixed point of f and g if and only if it is a common fixed point of F and g.
In order to prove our main results we shall need the following lemmas which can be seen in [2, 15] .
Lemma 3. Let k be a positive integer and α 1 , α 2 , . . . , α k ≥ 0 are such that
Lemma 4. Let {a n }, {b n } be two sequences of positive real numbers and q ∈ [0, 1) such that a n+1 ≤ qa n + b n , n ≥ 0 and b n → 0 as n → ∞. Then a n → 0 as n → ∞. For examples of function θ we refer to [7] . Now we can state our main results.
Main results
Following theorem extends Theorem 2.1 of [7] .
Theorem 5. Let (X, d) be a complete metric space, k a positive integer and f : X k → X, g : X → X be two mappings such that f (X k ) ⊂ g(X) and g(X) is closed. Suppose following condition is satisfied:
for all x 0 , x 1 , . . . , x k ∈ X, where α i , β are nonnegative constants such that k i=1 α i +βk(k+1) 2 < 1, F is the associate operator of f and θ ∈ Θ. Then f and g have a unique point of coincidence. In addition, if f and g are weakly compatible then f and g have a unique common fixed point. Moreover, for any x 0 ∈ X the sequence {y n } defined by y n = gx n = f (x n−1 . . . . , x n−1 ), for all n ∈ N, converges to the common fixed point of f and g.
Proof. Let x 0 ∈ X be arbitrary. As, f (X k ) ⊂ g(X), we define a sequence {y n } by y n = gx n = f (x n−1 , . . . , x n−1 ) = F x n−1 , for all n ∈ N, where F is the associate operator for f. We shall show that F will satisfy a particular contractive condition.
Note that, for all x, y ∈ X,
. . , x, y))+d(f (x, . . . , x, y), f (x, . . . , x, y, y))
y)).
Using (A) we obtain
where
and C = β
Note that
Now, as y n = gx n = f (x n−1 . . . . , x n−1 ), for all n ∈ N, therefore for any n ∈ N, it follows from (3) that
where λ = A+B+C 1−B−C ∈ [0, 1) (as 0 ≤ A + 2B + 2C < 1). Therefore, for m, n ∈ N with m > n we obtain
As, λ ∈ [0, 1), we obtain {y n } = {gx n } is a Cauchy sequence, and as g(X) is closed, there exists u, v ∈ X such that v = gu and
We shall prove that F u = gu. It follows from (3) that
Using (4) and properties of function θ we obtain M (x n , u) = 0.
Therefore, it follows from (4) and (5) that
As, B + C < 1, we obtain F u = f (u, . . . , u) = gu = v. Thus, v is point of coincidence of f and g. If, v ′ is another point of coincidence of f and g
As, A + 2C < 1 we obtain from above inequality that Corollary 6. Let (X, d) be a complete metric space, k a positive integer and f : X k → X be a mapping. Suppose following condition is satisfied:
for all x 0 , x 1 , . . . , x k ∈ X, where α i , β are nonnegative constants such that k i=1 α i + βk(k + 1) 2 < 1, F is the associate operator of f and θ ∈ Θ. Then f has a unique fixed point in X. Moreover, for any x 0 ∈ X the sequence {x n } defined by x n = f (x n−1 . . . . , x n−1 ), for all n ∈ N, converges to the unique fixed point of f. Corollary 7. Let (X, d) be a complete metric space, k a positive integer and f : X k → X, g : X → X be two mappings such that f (X k ) ⊂ g(X) and g(X) is closed. Suppose following condition is satisfied:
for all x 0 , x 1 , . . . , x k ∈ X, where α i , β are nonnegative constants such that k i=1 α i + βk(k + 1) 2 < 1 and F the is associate operator of f. Then f and g have a unique point of coincidence. In addition, if f and g are weakly compatible then f and g have a unique common fixed point. Moreover, for any x 0 ∈ X the sequence {y n } defined by y n = gx n = f (x n−1 . . . . , x n−1 ), for all n ∈ N, converges to the common fixed point of f and g.
Following theorem is a generalization of results of Prešić [12] and [15] and its proof is similar as the proof of Theorem 5, therefore we omit the proof.
Theorem 8. Let (X, d) be a complete metric space, k a positive integer and f : X k → X, g : X → X be two mappings such that f (X k ) ⊂ g(X) and g(X) is closed. Suppose following condition is satisfied:
for all x 0 , x 1 , . . . , x k ∈ X, where α i , β are nonnegative constants such that k i=1 α i + βk(k + 1) < 1 and F is the associate operator of f. Then f and g have a unique point of coincidence. In addition, if f and g are weakly compatible then f and g have a unique common fixed point. Moreover, for any x 0 ∈ X the sequence {y n } defined by y n = gx n = f (x n−1 . . . . , x n−1 ), for all n ∈ N, converges to the common fixed point of f and g.
In the next theorem, we approximate the point of coincidence of f and g by k-step iterative sequence. Theorem 9. Let (X, d) be a complete metric space, k a positive integer and f : X k → X, g : X → X be two mappings such that f (X k ) ⊂ g(X) and g(X) is closed. Suppose following condition is satisfied:
for all x 0 , x 1 , . . . , x k ∈ X, where α i , L are nonnegative constants such that k i=1 α i < 1, F is the associate operator of f and θ ∈ Θ. Then: 1) f and g have a unique point of coincidence, say v ∈ X;
2) the sequence {y n } defined by y n = gx n = f (x n−1 , . . . , x n−1 ), for all n ∈ N, converges to v for any starting point x 0 ∈ X;
3) the k-step iterative sequence {z n } defined by x 0 , x 1 , . . . , x k−1 ∈ X and z n = gx n , 0 ≤ n ≤ k − 1 and z n+k = gx n+k = f (x n , . . . , x n+k−1 ), n ≥ 0, also converges to v.
In addition, if f and g are weakly compatible then f and g have a unique common fixed point.
Proof. Note that min{a, b} ≤ a for all real a, b therefore, condition (B) implies (A) and so 1) and 2) follows from Theorem 5, that is, there exists u, v ∈ X such that v = gu = F u = f (u, . . . , u).
For 3), let {z n } be sequence defined by z n =gx n , 0≤n≤k − 1 and z n+k = gx n+k = f (x n , . . . , x n+k−1 ), n ≥ 0, where x 0 , x 1 , . . . , x k−1 ∈ X are arbitrary. For any n ∈ N we have
Using (B) for each term of the sum on the right hand side of above inequality we obtain
As, d(gu, F u) = 0 and θ ∈ Θ, (6) leads to
that is,
.
We shall show that lim n→∞ E n = 0. Note that, for any n ∈ N we have
Using Lemma 3 in above inequality we have, there exist N >0 and λ ∈ (0, 1) such that d(gx n , gx n+1 ) ≤ N λ n , for all n ∈ N. Therefore, we obtain lim n→∞ E n = 0, and so, it follows from (7) and Lemma 4 that lim n→∞ d(z n , v) = 0. If f and g are weakly compatible, then by Lemma 2, v is the unique common fixed point of f and g.
Remark 2. Let (X, d) be a metric space, then f : X k → X is called almost Prešić contraction [14] if there exists nonnegative constants α i , L such that
for all x 0 , x 1 , . . . , x k ∈ X, where F is the associate operator of f.
For β = 0, θ(a, b, c, d) = L min{a, b, c, d} and g = I X in Theorem 9, we get the fixed point result of [14] for almost Prešić contraction. Example 1. Let X = R and d is usual metric on X. Then (X, d) is a complete metric space. For k = 2, define f : X 2 → X and g : X → X by f (x, y) = 3x−2y 4 , for all x, y ∈ X and gx = 2x, for all x ∈ X. Then it is easy to see that f is not an almost Prešić contraction. Indeed, for
While f and g satisfies all the conditions of Theorem 9, with α 1 = and with arbitrary value of L. Note that f and g gave a unique common fixed point 0 = g0 = f (0, 0).
Applications to difference equation
The study of nonlinear difference equations, which plays an important role in modelling different problems appearing in economics, biology, ecology, genetics, psychology, sociology, probability theory and others (see introduction from [14] and the references therein) is a topic of great interest, in particular the difference equations of order greater than one is studied by many authors. First, we give some definitions. Theorem 10. If f : I k → I be a Prešić operator then for every set of initial conditions {x 0 , x 1 , . . . , x k−1 } ⊂ I, the difference equation (9) x n+k = f (x n , x n+1 , . . . , x n+k−1 ), n = 0, 1, 2, . . . , has a unique equilibrium point in I and the sequence {x n } defined by x n+k = f (x n , x n+1 , . . . , x n+k−1 ), n = 0, 1, 2, . . . , converges to the equilibrium point. Furthermore, the equilibrium point is globally asymptotically stable (here I is considered to be complete with the usual metric).
Proof. We note that, I is complete metric space with usual metric. Suppose, f is a Prešić operator then for every x 0 , x 1 , . . . , x k−1 , x k ∈ I we have (10) |f
where 0 ≤ k i=1 α 1 < 1. By Prešić's theorem, f has a unique fixed point v and lim n→∞ x n = v, for all x 0 , x 1 , . . . , x k−1 ∈ I with x n+k = f (x n , x n+1 , . . . , x n+k−1 ). Therefore, v is the equilibrium point and it is globally asymptotically stable.
Many authors studied the global behavior of the recursive sequence
where a, b, c, d are nonnegative real numbers (see, [6, 8, 9] ). Note that, if (11) can be written as
where α, β are nonnegative real numbers. As an example, we consider the second order difference equation (12) and prove following corollary of Theorem 10.
Corollary 11. If α ≤ β and β > 2, then difference equation (12) has a unique globally asymptotically stable equilibrium point in the interval I = [0, ∞).
Proof. Note that, I is complete metric space with usual metric. Here the corresponding operator f : I 2 → I for equation (12) is given by f (x, y) = α+y β+x , for all x, y ∈ I. Now, for any x, y, z ∈ X we have
As, β > 2 therefore, f is a Prešić operator with α 1 = α 2 = Remark 3. We note that, if f is a Prešić operator then f satisfies the condition (B) of Theorem 9 (with g = I X ), therefore the equilibrium point of equation (12) can be obtained by the single-step iterative sequence defined by x n+1 = f (x n , x n ) = F (x n ), n = 0, 1, 2, . . . with arbitrary initial value x 0 ∈ I, instead by the two-step iterative sequence x n+2 = f (x n , x n+1 ), n = 0, 1, 2, . . . with two arbitrary initial values x 0 , x 1 ∈ I.
We consider a particular case of difference equation (12) as an example.
Example 2. Let us consider the difference equation (12) with α = 1, β = 4 and I = [0, ∞). Note that α < β and β > 2, therefore by Corollary 11, equation has a unique globally asymptotically stable equilibrium point in the interval I = [0, ∞). Note that, the single-step iterative sequence {x n } = {f (x n−1 , x n−1 )}, n = 1, 2, . . . and two-step iterative sequence {y n } = {f (y n−2 , y n−1 )}, n = 2, 3, . . . In a similar way, we can prove the following corollary, which ensure a unique globally asymptotically stable equilibrium point of the difference equation 
